In this study, we investigate the accuracy of a recently developed coherent modified Redfield theory (CMRT) in simulating excitation energy transfer (EET) dynamics. The CMRT is a secular non-Markovian quantum master equation that is derived by extending the modified Redfield theory to treat coherence dynamics in molecular excitonic systems. Herein, we systematically survey the applicability of the CMRT in a large EET parameter space through the comparisons of the CMRT EET dynamics in a dimer system with the numerically exact results. The results confirm that the CMRT exhibits a broad applicable range and allow us to locate the specific parameter regimes where CMRT fails to provide adequate results. Moreover, we propose an accuracy criterion based on the magnitude of second-order perturbation to characterize the applicability of CMRT and show that the criterion summarizes all the benchmark results and the physics described by CMRT. Finally, we employ the accuracy criterion to quantitatively compare the performance of CMRT to that of a small polaron quantum master equation approach. The comparison demonstrates the complementary nature of these two methods, and as a result, the combination of the two methods provides accurate simulations of EET dynamics for the full parameter space investigated in this study. Our results not only delicately evaluate the applicability of the CMRT but also reveal new physical insights for factors controlling the dynamics of EET that should be useful for developing more accurate and efficient methods for simulations of EET dynamics in molecular aggregate systems. C 2015 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Excitation energy transfer (EET) plays a crucial role in photosynthetic light harvesting. In natural photosynthesis, light energy captured in the antenna moves between pigments and finally reaches the reaction center to trigger charge separation. 1, 2 This process exhibits remarkable near unity quantum efficiency; therefore, understanding photosynthetic EET could provide means to improve artificial lightharvesting materials such as in the designs of solar cells and photosensitive conjugated polymers. [3] [4] [5] To achieve this goal, theoretical methods that can adequately describe photosynthetic EET dynamics are necessary; however, this task has proven to be highly nontrivial. [6] [7] [8] Photosynthetic systems often exhibit a broad distribution of inter-pigment interactions, energetic disorder, and a large number of pigments, making accurate theoretical description of EET dynamics a challenging task. Recent advances have shown that the traditional Förster and Redfield theories for EET cannot fully and adequately describe EET in photosynthetic systems. [8] [9] [10] [11] [12] To go beyond the traditional Förster and Redfield theories, studies based on non-perturbative methods, [13] [14] [15] [16] [17] [18] [19] pathintegral approaches, [20] [21] [22] [23] polaronic methods, [24] [25] [26] [27] [28] and hybrid approaches 12, 22, [29] [30] [31] have drawn intensive attentions recently. Among them, the so-called modified Redfield theory 32, 33 has been demonstrated to be a quite effective method for a) Electronic mail: yuanchung@ntu.edu.tw photosynthetic EET. 12, [33] [34] [35] The modified Redfield theory is a second-order perturbative approach using the exciton-phonon interactions as the perturbation. The main idea behind this theory is to separate the diagonal part from the off-diagonal part of the exciton-phonon coupling Hamiltonian in the electronic eigen-basis (the so-called exciton basis) and then include the diagonal part in the zeroth-order Hamiltonian. By treating the diagonal exciton-phonon coupling exactly and the off-diagonal part perturbatively, the modified Redfield theory includes multiphonon effects and a smaller perturbation term, leading to its broader range of applicability when compared to the simple Redfield method. 12, [33] [34] [35] The modified Redfield theory has been successfully applied to describe EET dynamics and spectroscopy of many photosynthetic systems; however, a key limitation of the theory is that it considers only population transfer and does not describe coherent dynamics.
Motivated by the observation of long-lived quantum coherence in photosynthetic light-harvesting systems and conjugated polymer systems, 36 we have extended the idea of the modified Redfield theory to derive a quantum master equation that provides the equation of motion for the full reduced density matrix of an excitonic system. 37, 38 The result was a coherent modified Redfield theory (CMRT) that provides clear physical description for EET dynamics in a broad parameter regime and is computationally efficient compared with the higher-order perturbation theory and the numerically exact method. Moreover, we have shown that the CMRT method provides excellent descriptions of coherent EET dynamics in a large parameter space. 38, 39 When compared to the reduced hierarchy equation approach, CMRT excellently describes the coherent dynamics in the Fenna-Matthews-Olson (FMO) complex. 37 Moreover, we expect that the CMRT can be applied to efficiently and accurately describe spectroscopy and EET dynamics in large photosynthetic systems, since the modified Redfield theory has shown promising success in this area. 34 Therefore, we believe that CMRT is a powerful approach to efficiently simulate EET dynamics in large and complicated systems. Nevertheless, since CMRT is a perturbative approach, it is critical that we can systematically assess its range of applicability in describing photosynthetic EET dynamics.
In the present study, we aim to evaluate the accuracy of CMRT in the parameter space of photosynthetic EET and explore physical parameters affecting EET dynamics. This will be useful for the realistic applications of the CMRT method, and a detailed understanding of the validity of the perturbative method could provide useful insights into the key factors controlling EET dynamics in different parameter regimes. This paper is organized as follows. In Sec. II, we present the Hamiltonian of a dimer model system adopted in this work and the theoretical background of CMRT. We then detail our results in Sec. III. To investigate the accuracy of CMRT, we carry out a comprehensive comparison of the results calculated by CMRT with those from the numerically exact quasi adiabatic path integral (QUAPI) method in various parameter regimes. 40 We then examine the compiled data to determine the applicability regimes of CMRT and to develop an accuracy criterion for the CMRT approach. In addition, we apply this criterion to quantitatively compare the performance of the CMRT approach to that of a polaronic quantum master equation approach, in order to shed light on how dynamical fluctuations of the environments affect EET dynamics. Finally, Sec. IV presents our main conclusions.
II. THEORY

A. Hamiltonian
Following the standard practice in treating EET problems, we adopt a standard Frenkel-exciton Hamiltonian to describe photoexcitations of molecular systems in the one-exciton manifold and consider independent harmonic baths coupled to the excitations localized on each individual chromophores. In the exciton basis, the full system plus bath Hamiltonian can be written as
where
and the system-bath coupling in the exciton basis reads
Here, H el is the electronic Hamiltonian of the system, where |α⟩ denotes a exciton state that can be represented as linear combinations of site-localized excited states, |α⟩ =  N n C α n |n⟩, and ϵ α is the transition energy of |α⟩. The term H ph is the bath Hamiltonian, where b + ni (b ni ) is the creation (annihilation) operator of the ith oscillator mode localized on site n, and ω ni denotes the phonon frequency. Finally, the system-bath Hamiltonian H el−ph represents bilinear excitonphonon coupling diagonal in the site basis, where g ni is the exciton-phonon coupling constant between |n⟩ and the ith oscillator mode localized on site n. H el−ph has off-diagonal matrix elements in the exciton basis due to the unitary transformation to the exciton basis.
To investigate the accuracy of CMRT, we considered EET in a simple dimer system. The system Hamiltonian in the site basis employed in this study is
where 2∆ is the energy gap between the two site-localized excitations, and J is the electronic coupling between them. As condensed-phase systems are concerned, we used spectral density functions defined as
to describe the collective exciton-phonon couplings. 41 In this study, we applied an identical super-ohmic-type spectral density to each site,
where γ is the exciton-phonon coupling strength, and ω c is the cutoff frequency of the phonon bath, which is used as the energy unit in the following calculations.
B. Coherent modified Redfield theory
The key idea of the original modified Redfield theory is to include the diagonal part of the exciton-phonon Hamiltonian (Eq. (3)) into the unperturbed zeroth-order Hamiltonian and treat only the off-diagonal part of the exciton-phonon Hamiltonian perturbatively. The modified Redfield theory is limited to population dynamics and Markovian rates, because coherence dynamics are ignored in its derivation. 32, 33 We had followed the same Hamiltonian partitioning and applied a second-order cumulant expansion approach to derive a quantum master equation for EET dynamics, which is called the coherent modified Redfield theory. 37, 38 We have previously applied this method to calculate EET dynamics for model photosynthetic systems to show that CMRT provides a framework with solid physical interpretations and high computational efficiency while retaining excellent accuracy within a large EET parameter space. However, the full parameter range for the accuracy of the CMRT method has not been assessed. In this work, we aim to investigate the applicability of CMRT in simulating EET dynamics by comprehensive comparisons with numerically exact results in a broad parameter regime.
Herein, we briefly describe the equation of motion of CMRT and present a brief derivation of the theory in Appendix for the sake of completeness of this work. The CMRT approach is a non-Markovian secular quantum master equation that describes the time-evolution of the reduced density matrix of an exciton system in the exciton basis,
The first two terms in Eq. (6) describe the coherent dynamics and pure dephasing driven by the zerothorder Hamiltonian, respectively. λ αααα =  n |C α n | 4 λ n is the reorganization energy of the exciton state |α⟩, λ n is the site reorganization energy of the nth site, λ n =  ∞ 0 dω J n (ω)/ω, and R pd α β (t) is the non-Markovian pure-dephasing rate given by Eq. (A10). The last two terms in Eq. (6) describe the dissipative dynamics including population transfers and population induced dephasing of the coherences, where R α β (t) is the time-dependent population transfer rate from | β⟩ to |α⟩ that can be evaluated from spectral densities (Eq. (A16)). CMRT not only retains the coherence dynamics in the quantum master equation but also discards the Markovian approximation used in the original modified Redfield theory in order to partially capture the bath memory effects to ensure the accuracy of short time dynamics in the propagation of the CMRT. Note that Eq. (6) is of a time-convolution-less form, and as a result some bath memory effects that can only be captured by a time-convoluted equation are not described in the CMRT method. Nevertheless, in the CMRT approach, the rate tensor is still time dependent; therefore, we state that the CMRT approach is a non-Markovian quantum master equation. We found that the non-Markovian form plays a critical role in solving the problem of positivity violation in the short-time dynamics, as pointed out previously by Suarez et al. 42, 43 Therefore, we remark that the secular, nonMarkovian form of the CMRT equation of motion significantly reduces the problem of positivity violation as compared to the Markovian version.
III. RESULTS AND DISCUSSIONS
A. Comparisons to QUAPI
To elucidate the applicability of the CMRT in simulating EET processes, we investigate the EET dynamics of the model dimer system at varying site-energy gap, electronic coupling, exciton-phonon coupling, and temperature. To demonstrate coherent EET dynamics, the artificial initial condition with population localized on site |1⟩, σ(0) = |1⟩⟨1|, is used in all our simulations. A total of 72 sets of parameter combinations were used to compare the dynamical results of the CMRT with the numerically exact QUAPI method. 40 The QUAPI results we acquired from Pan-Pan Zhang are published elsewhere. 44 In the following, we verify the accuracy of the CMRT in several representative examples out of the 72 sets of results. Figure 1 compares the results from CMRT to those from QUAPI in the weak exciton-phonon coupling (γ = 0.2) regime. Here, we expect CMRT to perform well because the perturbation term is small. Indeed, the results show excellent agreement between CMRT and QUAPI, indicating that CMRT successfully captures coherent EET dynamics. Note that the CMRT correctly describes the coherent oscillations of site populations, which is not considered by the conventional modified Redfield theory.
The success of CMRT in simulating EET dynamics in the intermediate regime is confirmed by comparing the results to those from QUAPI for a model dimer system with ∆/ω c = 0.5, J/ω c = 0.5, and γ = 0.5 at different temperatures in Fig. 2 . The excellent agreement shows that in addition to the applicability in small perturbation cases, the CMRT is also valid in the intermediate regions where the traditional Redfield theory is inadequate. 9, 33, 35 Moreover, to investigate the effect of temperature, we show the comparisons at three temperatures in Fig. 2 . It shows that the temperature has small influence to the accuracy of the CMRT method in the temperature range that we investigated. It is interesting to note that the overestimation of coherence in the CMRT is clearly seen in Fig. 2(c) , where a small overestimation of the coherent oscillation frequency caused by the assumption of a fully delocalized exciton basis is apparent. Besides the slight frequency shift, in this case, the relaxation time and decoherence time are actually well-described by the CMRT method. Figure 3 shows simulated EET dynamics at strong exciton-phonon couplings (γ = 2.0) and small site-energy gap (∆/ω c = 0.5), where CMRT actually fails. In Fig. 3 , the dynamical results of the CMRT deviate significantly from the exact results calculated by the QUAPI method. Our comparisons show that CMRT often over-estimates the population transfer rate and shows excessive coherence when the bath reorganization energy is larger than the site energy gap. This can be attributed to the over-estimation of the electronic coherence in the fully delocalized exciton basis adopted in the CMRT method. The results confirm the report of Novoderezhkin et al., 35 where they concluded that the modified Redfield theory significantly overestimates the transfer rate for systems with small energy gaps and strong electronic couplings.
In the cases where the site-energy gap is large, we found CMRT to provide adequate results regardless of the strength of exciton-phonon couplings. Figure 4 shows the comparison in the large site-energy gap (∆/ω c = 2.0) and intermediate exciton-phonon coupling (γ = 1.0) cases. As the dimer exhibits a large site-energy gap, the exciton states are rather localized in these cases, and the dynamics become diffusive, showing an incoherent exponential decay characteristics. This is the conventional Förster regime of EET dynamics, and clearly, CMRT performs really well in this parameter regime. In the range of the excitonic couplings (J) studied here, the CMRT is in excellent agreement with the QUAPI. We remark that the discrepancy between CMRT and QUAPI in Fig. 4 (c) could be due to the limited data points supplied in the QUAPI results because of the high computational demand and the high oscillation frequency inherent to the system. The agreement remains excellent even when the exciton-phonon coupling becomes stronger (γ = 2), as shown in Fig. 5 . The excellent performance of CMRT at large ∆, when J/∆ < 1, can be attributed to the inclusion of the diagonal part of the excitonphonon coupling into the zeroth-order Hamiltonian. This not only reduces the magnitude of the perturbation term but also enables the CMRT to adequately describe multiphonon effects. Energy conservation is a key controlling factor in quantum dynamics. Regarding energy relaxation between two excitons in a molecular system, the excess energy corresponding to the energy gap between the two states must be dumped to the phonon bath. When the energy gap is large and there is a lack of high frequency modes in the bath, a multiphonon transition mechanism will be required for efficient energy relaxation. Therefore, the CMRT has a wider range of applicability in such cases compared to the traditional Redfield theory, which contains only single-phonon dynamics.
The important roles of multiphonon dynamics in EET were discussed by Yang and Fleming. 33 They compared the Förster, traditional Redfield, and modified Redfield theories by simulating EET rates as a function of the energy gap. Their study demonstrated that traditional Redfield theory and modified Redfield theory coincide in cases in which the energy gap between two monomers approaches zero (i.e., a completely delocalized exciton basis). However, at large gaps, the traditional Redfield theory fails to reach the Förster limit, while the modified Redfield theory smoothly interpolates between the two limits. Yang and Fleming emphasized that the lack of phonon reorganization and the neglect of the multiphonon effect results in the failure of the traditional Redfield theory in large energy gap regions, evident by the validity of the traditional Redfield theory when applied in a wide spectrum of phonon modes regardless of the strength of electron-phonon couplings. In this regard, the multiphonon process is well captured by the original modified Redfield theory. Our results confirmed that their findings are valid even when the coherent dynamics are considered, and these results yield important physical insights into how exciton-phonon couplings mediate EET dynamics.
In summary, our comparisons of the CMRT and the QUAPI methods indicate that the CMRT performs strongly in a large EET parameter space, except for cases where energy gap is small and exciton-phonon coupling is large. We remark that in the limit where both excitonic couplings (J) and excitonphonon couplings (γ) are strong, the CMRT could significantly overestimate coherence effects (e.g., Fig. 3 ), leading to strong and prolonged site-population oscillations in the dynamics. Therefore, we verified through the comparisons of the CMRT with the numerically exact QUAPI method that the CMRT is a promising perturbative approach, which successfully simulates the EET process in a wide range of applications in cases of both small exciton-phonon coupling strength and large site energy gap.
B. Dynamical localization
From the comparisons with QUAPI presented in Sec. III A, we conclude that CMRT delivers excellent results in a large part of the EET parameter space and only fails in the limit when energy gap is small and exciton-phonon coupling is strong. We attribute this to the neglect of dynamical localization in CMRT.
The CMRT is constructed in the exciton basis, which consists of excitonic eigenstates based on constant meanfield electronic couplings. In this representation, exciton states do not depend on strength of exciton-phonon coupling or temperature. However, at large exciton-phonon couplings or high temperatures, dynamical fluctuations in the environments surrounding an excitonic system could destroy coherence between pigments and strongly suppress the degree of delocalization of the photoexcitations. [45] [46] [47] [48] Therefore, the effective electronic coupling, hence the effective delocalization length, should be a function of temperature as well as the strength of exciton-phonon couplings. This so-called "dynamical localization" can be viewed as a phenomenon of wave packet collapsing caused by continuous measurements from the bath, which is more pronounced in systems with strong interactions with their baths. For example, in the B800 and B850 rings of the purple bacterial antenna light-harvesting system II, the collapse of electronic wave packet following the photoexcitation leads to the localization of photoexcitations, which strongly affects the dynamics and spectroscopic signals. 49 Theoretical approaches have been developed to study dynamical localization; 11, 50 however in general, it is quite challenging to be treated accurately. Various polaronic approaches have been developed to specifically include the bath fluctuation effects by using a phonondressed exciton-phonon representation (polarons) as the basis for perturbative treatments, which includes the dynamical localization effects in the zeroth-order Hamiltonian. These polaronic methods are promising, but they can also be quite complicated to be generalized to multi-level systems and applied to spectroscopic problems. [24] [25] [26] [27] [28] The CMRT assumes coherent exciton basis. In this basis, one assumes that electronic coherence is not affected by the strength of exciton-phonon coupling or temperature, effectively neglecting the dynamical localization effect. As a result, electronic coherence is over-estimated in the exciton basis. The neglect of the dynamical localization is not a serious problem when electronic coupling dominates exciton-phonon coupling (where the dynamical localization is small) or when the site-energy gap is large (where the exciton basis is already quite localized). However, it can lead to significant errors in the cases of near isoenergetic levels and large excitonphonon couplings (Fig. 3) , where a small electronic coupling results in fictitious coherently delocalized exciton states that actually should be destroyed by the dynamical fluctuations. When the exciton-phonon interaction is large enough, an overestimation of coherence in small energy gap regions occurs, namely, a phenomenon of having too delocalized basis at large exciton-phonon coupling regions. Therefore, as electronic coupling increases at small site-energy gap systems, errors caused by the overestimation of coherence are amplified (Fig. 3) .
So now, we gain a better understanding of why in Fig. 4 , the CMRT provides excellent results in large energy gap regions regardless of the strength of electronic couplings. In a highly localized basis case, the phenomenon of overestimated coherence is not significant. Thus, the actual failure of the CMRT and the modified Redfield theory is its neglect of dynamical localization. This concept also explains several minor discrepancies of CMRT when compared to QUAPI. Regarding the temperature effects, since dynamical localization is expected to be more important at higher temperatures, the CMRT is not expected to perform well at high temperatures. It is interesting to note that the temperature dependence in Fig. 2 seems to indicate that CMRT does not perform well in the low-temperature case shown in Fig. 2(c) , but, in fact, in this case, CMRT quite accurately reproduced the decoherence time and population transfer time of the QUAPI result. It is a frequency shift (phase shift) of the oscillations, i.e., coherent dynamics, which dominates the deviation. The small frequency shift in the coherent oscillation of the EET population dynamics observed in Fig. 2(c) can be ascribed to the over-estimation of the exciton energy gap due to the neglect of dynamical localization. Because of this delocalized nature in the CMRT, the oscillation of the dynamics is faster than those in the QUAPI. Actually, all the dynamics in Fig. 2 exhibit such overestimation of coherence, and the effect is amplified in the low temperature case shown in Fig. 2(c) due to the longer oscillation time. Moreover, a slight slippage at the equilibrium position of the CMRT results can be apparent especially at large electronic couplings (Figs. 4(c) and 5(c) ), which is also attributable to the neglect of dynamical localization. The over-estimation of coherence in CMRT results in exciton states that are too delocalized, leading to equilibrium populations that are closer to 0.5 compared to the QUAPI results. We conclude that the concept of dynamical localization plays an important role in evaluating the theoretical descriptions of EET dynamics, and CMRT fails when the dynamical localization effects are important.
C. Accuracy criteria
Following all the data compiled so far, we aim to develop an accuracy criterion to determine the accuracy of the CMRT under various parameter conditions. A quantitative indicator that can be used to assess the accuracy of an approximated method will be extremely valuable since it can be used to guide the choice of methods and also to reveal physical insights. To this end, we first calculated the magnitude of the second order perturbation as a straightforward indicator for the accuracy of a perturbative approach. For the dimer system considered here, the perturbation term has a single off-diagonal exciton-phonon coupling matrix element (Eq. (3)); therefore, the thermal averaged variance of it, which is denoted as ψ, can be regarded as the magnitude of the second order perturbation. We evaluated ψ to yield
Note that we have divided the strength of perturbation by ω 2 c to make the indicator ψ unitless. The expression of ψ has simple physical interpretations. The factor in front of the integral in Eq. (7) is an electronic factor determined by the electronic Hamiltonian, and it gives an estimate for the degree of delocalization of the exciton states. For a uniformly delocalized state, this factor is at its maximum, whereas for a fully localized state, its value is zero. The integral term clearly yields the strength of exciton-bath couplings. Thus, the criterion can be established: if ψ < 1, we expect the perturbative CMRT method to yield excellent results. For example, Eq. (7) indicates that when the exciton states are localized, the electronic factor will be small, leading to ψ < 1 even at large exciton-phonon couplings. This is a direct result of the exciton-phonon Hamiltonian possessing a diagonal form in the localized site basis.
In Fig. 6 , we present ψ for the dimer system as two-dimensional plots of the parameters including excitonphonon coupling, site-energy gap, and electronic coupling. The accuracy criterion is roughly selected as ψ < 1; therefore, we have plot lines at ψ = 1. In addition, we also used circles to denote points where we have explicitly compared CMRT results to QUAPI results. We have confirmed that the value of ψ is highly correlated with the error of CMRT, and indeed, ψ < 1 is an excellent indicator for CMRT to provide accurate EET dynamics. In Fig. 6(a) , we plot ψ as a function of J/ω c and γ for dimer systems with a small site-energy gap (∆/ω c = 0.5), showing that while CMRT is still adequate at a large parameter range, its results quickly deteriorate at large J/ω c and large γ. results confirm the validity of CMRT in the intermediate coupling regime and the deteriorated performance as γ increases. Notably, the value of ψ also shows some originally unexpected behaviors that reveal significant physical insights. It is interesting to note that region of large perturbation typically appears in large electronic coupling regions, rather than in small electronic coupling regions. This can be explained by the lack of dynamical localization in CMRT because it overestimates the electronic coherence, which is a problem only when J/∆ > 1. Figures 6(c) and 6(d) clearly show that the ratio J/∆ is also an important factor controlling the accuracy of the CMRT method, and when the electronic coherence is significant (i.e., J/∆ > 1) and the exciton-phonon coupling is strong (Fig. 6(d) ), CMRT could yield inaccurate results for EET dynamics.
Furthermore, we found that Eq. (7) can be further simplified for a dimer system in the high-temperature limit. Here, the electronic factor can be related to the site-energy gap (∆) and electronic coupling (J), and the phonon integral term can be evaluated readily for the spectral density function at the high temperature limit to yield
The physical origins of the magnitude of second-order perturbation are more clearly illustrated in this simplified form. For example, ψ ′ is proportionally to the exciton-phonon coupling strength γ and the temperature, indicating that the CMRT does not perform strongly under the conditions of large exciton-phonon couplings and high temperatures. In addition, Eq. (8) clearly reveals a balance between electronic coupling and energy gap. In the Förster limit, where J/∆ ≪ 1, ψ ′ becomes small, suggesting that CMRT performs well in this regime. However, when the energy gap is small, the effect of electronic coupling makes the electronic factor approach a constant (Eq. (8)), and the exciton-phonon coupling strength and temperature become the dominant variables. Therefore, Eq. (8) provides a comprehensive perspective that encompasses results of previous studies on the accuracy of the CMRT method in simulating EET dynamics.
We also compared the simplified high temperature expression ψ ′ (Eq. (8)) with the full expression ψ (Eq. (7)) in Fig. 7 . When the temperature is low (Figs. 7(a) and 7(c) ), ψ and ψ ′ differ in the magnitude, but the structure of the magnitude landscape remains effective the same. Therefore at low temperatures, ψ ′ < 1 is not a appropriate divide for the applicability regime of CMRT, yet it is still an excellent indicator for the accuracy. At high temperatures (Figs. 7(b) and 7(d)), ψ and ψ ′ coincide; hence, ψ ′ provides an excellent accuracy criterion.
Besides the magnitudes of second-order perturbation in ψ and ψ ′ , we have also investigated the ratio between the magnitude of the fourth-order perturbation and the magnitude of the second-order perturbation,
, and we found that this factor exhibits exactly the same behavior as ψ in all the parameter range studied. Therefore, ψ and ψ ′ provide excellent criteria for the accuracy of CMRT in simulating EET dynamics in the parameter range suitable for photosynthetic light-harvesting systems. The results confirm the wide applicability of the CMRT, and the comprehensive study of the accuracy of the CMRT can also assist future applications of the CMRT and point to routes to make improvements to the theory. 
D. Comparisons with the small polaron quantum master equation (SPQME)
The established criterion for accuracy enables us to quantitatively compare the performance of different theoretical methods at various parameter regimes. Previously, Chang et al. 44 have investigated EET dynamics in a dimer system by a SPQME approach, which is established based on a small polaron transformation arising from the coupling between the excitonic system and the phonon bath. The polaron transformation dresses the exciton with its surroundings phonons to form "polaron state," and a theory for EET based on the transformed small polaron basis was first developed by Jang et al. 24 This SPQME approach also exhibits a broad range of applicability for EET dynamics. It is intriguing to note that the small polaron transformation is expected to over-dress the excitons, leading to an overestimation of dynamical localization effects. This is in contrary to the CMRT method. Therefore, it would be interesting to compare the valid parameter space of the two methods to examine whether or not they can be complimentary to each other.
Chang et al. have also proposed a criterion to assess the accuracy of the SPQME method. 44 We compare the accuracy criterion for CMRT and that for SPQME in Fig. 8 for a dimer system with small site-energy gap (∆/ω c = 0.5) and low temperature ( βω c = 2.0). The plots show that both methods yield adequate results in a large parameter space; however, their applicable regimes are clearly different. The SPQME performs strongly in the incoherent region where exciton-phonon couplings are relatively large compared with electronic couplings. However, the CMRT is favorable in the region of small exciton-phonon couplings and electronic couplings. Combined, the two theories solved all of the testing cases investigated in this study. The combined results demonstrate that the two theories are complimentary to each other, and this further illustrates the efficacy of using the concept of dynamical localization to characterize the   FIG. 8 . Comparisons of the accuracy criteria of (a) the CMRT and (b) the SPQME. 44 The black circles represent the parameter points at which the CMRT dynamics were compared with those from the QUAPI method. The solid line is the position where the magnitudes of the accuracy criteria equal to one. Other parameters are βω c = 2.0 and ∆/ω c = 0.5. accuracy of methods and the different regimes of EET dynamics. Note that Eq. (8) indicates that CMRT would fail at high temperatures; however, a previous study by Chang et al. showed that the SPQME yields excellent results at high temperatures. This further confirms the complementariness of the two methods.
IV. CONCLUSION
In this work, we systematically examined the accuracy of CMRT in a broad parameter regime. The CMRT method is an extension of the modified Redfield theory to treat coherence dynamics in a secular non-Markovian quantum master equation. The CMRT not only provides an efficient and accurate means to simulate EET dynamics but also preserves a clear physical meaning in each term of the equation of motion. The ability to describe quantum coherence dynamics is also a desirable feature in order to explain the experimental observations of coherent EET processes in biological lightharvesting systems.
To demonstrate the wide range of applicability of the CMRT, we calculate the EET dynamics for dimer systems covering a large parameter space for EET and comprehensively compared the results with those from the numerically exact QUAPI method. We conclude that the CMRT performs excellently in most cases. Nevertheless, it can fail in certain regions, in particular, in regions of large exciton-phonon coupling and small site-energy gap. We present a new insight regarding the neglect of dynamical localization in CMRT to explain the poor applicability of the theory in this case. Furthermore, we suggest that the concept of dynamical localization plays a significant role in controlling EET dynamics and the neglect of dynamical localization is the bane of the CMRT method. When the exciton basis states are fairly delocalized, neglecting dynamical localization leads to the overestimation of coherence and significant errors in the EET dynamics. Temperature also plays a role in the performance of the CMRT, which leads to failure at high temperatures.
Furthermore, we propose to assess the accuracy of the CMRT by establishing an accuracy criterion ψ based on the magnitude of second-order perturbation to elucidate the applicability of the CMRT in different parameter regions. We showed that ψ faithfully represents the quality of CMRT results in all the parameter ranges investigated in this study, and ψ < 1 serves as an excellent indicator to determine regimes where CMRT provides excellent results. The simple indicator for the accuracy of CMRT provides clear understanding of the physics captured (or not captured) by CMRT. Moreover, we simplified the calculation of ψ with a high temperature approximation. The simplified expression encompassed all the benchmark results of the CMRT and once again emphasized the importance of dynamical localization in the determination of the accuracy of CMRT. Moreover, the high-temperature expression also provides physical insights into how various parameters affect the performance of CMRT. Therefore, we provide a comprehensive perspective in Eq. (8) that encompasses results of previous studies on the performance of the modified Redfield theory and CMRT; the indicator should not only be useful for assessing the accuracy of the theory but should also facilitate the future improvements and extensions of the CMRT. Finally, we quantitatively compared the performance of CMRT to that of SPQME in a large EET parameter space based on the established criteria. The comparison shows that these two methods are complementary to each other, and accurate simulations of EET dynamics for the full parameter space investigated in this work can be achieved by the combination of them.
It is worth pointing out that we preserve the coherence dynamics and the non-Markovian effect to ensure the accuracy of early time dynamics in the propagation of the CMRT, and we also simplify the master equation by discarding the non-secular terms to improve computational efficiency and stability. Non-secular effects such as coherence-to-coherence transfer and population-to-coherence transfer could change the nature of the EET dynamics; however, for the model system studied in this work, the secular CMRT performs rather well in comparison with the exact QUAPI method. Therefore, for the model systems in a broad parameter range investigated in this work, we believe that the non-secular effects are not important. Note that in order to properly study coherence transfer dynamics, a model system with at least three exciton levels is required, because the dimer system has only one coherence density matrix element. The full equation of motion of the CMRT approach can be made to include all the non-secular terms, so it would be interesting to fully investigate the non-secular effects in the perspective of the CMRT theory in the future. A key issue would be to identify parameter ranges where non-secular effects are important and then investigate whether such non-secular dynamics could influence the quantum efficiency of energy transduction. Another advantage of the secular approximation is that the secular form helps to cure positivity violation problem, which can be critical in the strong exciton-phonon coupling limit. 37, 38 The secular CMRT can be cast into a generalized Lindblad form 38, 51 that indicates the positivity is preserved in the CMRT approach. Nevertheless, based on the excellent performance of the secular CMRT in describing the EET dynamics in a large parameter space, we believe it provides a nice balance between accuracy and computational efficiency for model systems studied here when compared to the more complicated non-secular theory.
Note that a functional unit in photosynthetic membranes or organic materials often contains hundreds or even thousands of chromophores; therefore, it will be extremely desirable to have efficient and accurate methods to calculate the EET dynamics. Our results presented in this work show that CMRT is an excellent perturbative method for simulating EET dynamics in photosynthetic systems, and while CMRT may fail when both site-energy gap is small and excitonphonon coupling is strong, the SPQME approach can be adopted instead in this regime. The combination of the two methods could provide efficient and accurate means to simulate EET dynamics for large photosynthetic systems. Noticeable, Novoderezhkin et al. have proposed a combined modified Redfield-generalized Förster approach to calculate accurate EET dynamics in photosynthetic light-harvesting systems. 12, 29 Here, our results indicate that a combined CMRT-SPQME approach will achieve this goal yet with the coherence dynamics fully described. This direction of theoretical development might provide novel efficient method for accurate EET dynamics that could eventually be applied to systems with hundreds of sites. 
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APPENDIX: DERIVATION OF THE CMRT QME
The CMRT is based on the reduced density matrix approach for open quantum system dynamics, 41 in which the environmental effects are treated statistically as a thermal bath rather than calculated explicitly with dynamics of each bath degree of freedom. In addition, a product state initial condition as indicated in Eq. (A1) is assumed,
where ρ(0) is the full system plus bath density matrix at t = 0, which is composed of a system part σ(0) and a thermal bath part ρ eq B . ρ eq B is the thermalized bath density matrix at the equilibrium of excited-state potential well. In other words, we assume the bath reorganization is rapid:
Instead of working with the full density matrix, we focus on the reduced system density matrix calculated by
where Tr B {·} denotes trace over all the bath degrees of freedom, such that the bath part is averaged as a thermal bath attaining equilibrium quickly. Subsequently, following the modified Redfield theory, 32 we treat the off-diagonal part of the exciton-phonon Hamiltonian in the exciton basis as the perturbation, and the diagonal part of the exciton-phonon Hamiltonian is included in the zeroth-order Hamiltonian
The procedure generates an averaged fluctuation of exciton transition energy induced by the bath and a smaller perturbation term in the off-diagonal part.
Applying the quantum Liouville equation and the technique of second-order cumulant expansion, we derived the following quantum master equation for the time evolution of the reduced density matrix:
In the equation, the first term is related to the zeroth-order Hamiltonian, and the second term describes the dissipation processes caused by the perturbation V . In addition, the trace over bath remains in the first term is the result of puredephasing in the exciton basis caused by the diagonal excitonphonon Hamiltonian in the equation. Note that we preserve the coherence dynamics and the non-Markovian effect to ensure the accuracy of early time dynamics in the propagation of the CMRT. We also simplify the master equation by discarding the non-secular terms, because the secular CMRT is not only sufficient to describe the dynamics in the systems investigated in this work but also significantly reduces the computational cost when compared to the more complicated non-secular CMRT.
Coherent dynamics and pure-dephasing
After the insertions of the zeroth-order Hamiltonian and perturbation into the quantum master equation, the first term in Eq. (A6) results into Eq. (A7), which is related only to the zeroth-order Hamiltonian and is responsible for the coherence dynamics, 
where the former term describes a process of electronic coherent dynamics driven by the exciton Hamiltonian and the latter term is a pure-dephasing of coherence.
To evaluate the thermal average in Eq. (A7), we further defined a pure-dephasing function, F α β (t), using . With the help of the pure-dephasing function F α β (t), we evaluated its derivative in time to obtain the pure-dephasing rate, R pd α β ,
 is the lineshape function for site n.
Dissipative dynamics
The second part of Eq. (A6) after the insertion of the perturbation term leads to the dissipation processes, 
where Γ α βγδ is defined by
We further simplified the complicated form of Eq. (A11) by applying secular approximation to retain the major changes of density matrix elements during the course of dissipation. As a result, only two processes are considered: the population transfer dynamics (α = β,γ = δ) and the decoherence dynamics (α β,γ = α, and δ = β). Hence, the final form of the simplified equation of motion includes population transfer,
and population-transfer induced dephasing (α β),
with R αγ defined as
Re[
In addition, the imaginary part of the induced-dephasing term is abbreviated in the calculation because of the insignificant influence on the results. The generalized rate R α β (t) can be evaluated explicitly using the following equations:
A α (τ) = e −i( ϵα +λ αααα )t−g αααα (t)
,
V α β (τ) = e [2(g αα, β β (t)−iλ αα, β β t)] × [g βα,α β (t)
− (ġ βα,αα (t) −ġ βα, β β (t) − 2iλ βα, β β )
× (ġ α β,αα (t) −ġ α β, β β (t) − 2iλ α β, β β )].
Thus, all the tensor elements needed to propagate dynamics using the CMRT method (Eq. (6)) can be evaluated from the exciton Hamiltonian and spectral densities using Eqs. (A16)-(A19).
